We construct compactly supported wavelet bases satisfying homogeneous boundary conditions on the interval [0, 1] . The maximum features of multiresolution analysis on the line are retained, including polynomial approximation and tree algorithms. The case of HQ ([0, 1]) is detailed, and numerical values, required for the implementation, are provided for the Neumann and Dirichlet boundary conditions. 
INTRODUCTION
Wavelet bases are often presented as a powerful tool to perform the approximation and the numerical resolution of partial differential equations. Indeed, thanks to zero moment and localization properties, wavelet spaces are self-adapted to the solution and therefore may allow fast and accurate resolution. In the last few years different algorithms have been successfully tested on linear and non-linear equations [9] [12] . Nevertheless, most of the addressed problems where posed in the periodic framework which circumvents the difficulties generated by general boundary conditions, but which makes nearly impossible the treatments of real problems.
It is known [3] that under very general hypotheses, one can only consider homogeneous conditions. Therefore, we are driven to the construction of approximation spaces for homogeneous functional spaces on the interval. 
I THE PRELIMINARY CONSTRUCTION OF COHEN, DAUBECHIES AND VIAL
This construction of wavelets on the interval, ( [1] ), is derived from the compactly supported wavelet multi resolution analysis on the line introduced by I. Daubechies [5] . In the case of L 2 (M) this multi resolution analysis is classically given by a sequence of closed subspaces Vj satisfying:
.L 2 (R), CijezVj = {0} and [jjezVj = L 2 {JR)
Moreover, each Vj is spanned by the translations of the dilated version of a fixed function, the scaling function <j>, i.e Vj = span{2 j / 2 <f>(2 j . -fc), k G 2Z). Here, the family {2 j/2 </>(2-7 .
-k), k € ^} is orthonormal and <£ is on the one hand compactly supported and on the other hand such that its Fourier transform $ satisfies the Strang and Fix approximation rules of order N-l <^(2ibr) = 0, k€Z\{0}, n = 0,...,JV-l.
(
One consequence of (1) is that the family, {<j)(. -k), k € 2Z}, can reproduce locally the polynomials of degree at most N -1.
The support of <f > is the interval [-N + 1,N] and the regularity of <f > is asymptotically C°-2N [5] . Moreover, <f > is solution of the following scaling equation: N 
<j>(x) = £ h k <f>(2x-k).
(2)
k=-N+l
The detail spaces Wj are defined as the orthogonal complements of Vj in and, thanks to i)
\}Wj = L\R). j€Z
The essential feature of multi resolution analysis (see Y. Meyer [11] ) is that 3tp such that Vj € 2Z
is here a compactly supported wavelet and is obtained from the following detail equation We give in the following paragraph an outline of the construction but the reader should refer to [1] for details.
The construction is performed in two steps as follows. The first step consists in defining suitable subspaces of £ 2 ([0,1]) from a basis essentially constructed from the translated versions of a rescaled function, while the second step consists in the construction of the detail spaces with the same requirement.
More precisely, in the first step, Vj ([0,1] ) is constructed as follows: Thanks to the compact support of 0, for large enough values of j and k = JV,..., 2 J ' -JV -1, the support of the functions (ßföx -k) is included in [0,1]. Therefore, the corresponding functions may be used as the interior basis functions of Vj ([0,1] ) and the set $/ = {<j){Vx -fc), k = JV,..., 
where j 0 is chosen so that support($E,o) H support ($£,i) = 0. As <j)j k , the edge functions satisfy a modified scaling equation (2) , one writes
The numerical values of the coefficients {h kn , n = 0, ...,7V + 2&; fc = 0,...,iV-l} and {&£,", n = 3*2J'-JV-2fc-3,. , ..,2'-l; fc = 2'-iV, ... 
.,iV-l} 
Remarks:
As we have said before, these wavelets bases are very attractive because they preserve the main features of the whole line construction. More precisely, since the edge functions are finite linear combinations of some shifts of 0, they have the same regularity. From their definition the edge scaling functions generate all the polynomials up to degree N -1 which ensure an order N approximation over all the interval, and the existence of N vanishing moments for the edge wavelets. With these oscillations and enough regularity, these wavelets basis form an unconditional basis for the Holder spaces C S ([0,1]) [1] . The fast wavelet transform [10] which is essential for most numerical applications is preserved even near the boundary thanks to the modified scaling, (7) and detail, (9) relations.
Our aim is to adapt this construction to obtain wavelet families generating functional spaces with homogeneous boundary conditions. More precisely we will consider the following constraints
where /^ is the i-th. derivative of /.
As will be shown, most of the above construction will be preserved as well as numerical efficiency.
II MULTI RESOLUTION ANALYSIS WITH HOMOGENEOUS BOUNDARY CONDI-TIONS
This section is devoted to the construction and the properties of compactly supported wavelet satisfying homogeneous conditions of type f(
The starting point has been described in the previous section and, keeping the same notations, we now assume that the compactly supported wavelets on the line satisfy 0 < CLO, CLl < N -1 and r > max(CL0, CLl). Therefore, the spaces Vj
II. 1 Construction
As in the previous section, we only focus on the left edge x = 0. According to (6) ,every function /_,-€ Vy
Moreover, only the left edge functions $E,O are non zero around x = 0 and then
Jf«>(0)-E CW (&) (OL >). (13)

Jfc=0
Therefore one way to impose f( CLO \0) = 0 is to enforce that all the left edge scaling functions satisfy this condition. Following P. Auscher (in [2] ), this constraint can be related to a polynomial behavior.
Indeed, from the last section we learned that y?°f c is a polynomial of de- n=0 n=N (see [1] for the computation of these coefficients). 
Proof:
The existence of Xk is always ensured for k ^ CLO since a°k k = 2~k [1] . Because pk is a polynomial of degree k, there is nothing to change for A; < CLO, and therefore <p°k = v?° as well as pk(x) -Pk(%) for k < CLO. Given k > CLO, let us suppose that VZ < k,l ^ CL0,a% LO = 0. From relation (14) we obtain the following scaling relation for <£°:
where
for n > N, the contribution of the third RHS term of 16 to 01 is 0. Moreover, for 0 < i < k, <p°(2x) = $(2x) are polynomial with no component on x CL0 . Therefore, the contribution of p°h to x CL0 is entirely due to Ak,cLo and AU,CLO = 0 is the condition we are looking for, that completes the proof. ■ For k > CLO the supports of (p°k are no longer staggered but, in compensation V&,0 < k < N -l,</5°|[o,i] is still a polynomial of degree k. Therefore the functions </?°,0 < k < N -1 are independent. Moreover, they are orthonormal to the {4>(x -n), n > N} since they are linear combinations of theM, k = 0,...,N-l}. 1] ), the space defined by (6) . In this family, only V^'CLO ( res P-
. To perform our first step of construction we now continue by isolating a single wavelet containing x CLo on [0,1/2]. As in the previous section N wavelets at each boundary should be added to the interior family $/. Focusing again on the left edge, we construct a first family following (8) as The following proposition tell us how to transform the functions 0° to reach our first step. 
It only remains to make this construction again for the right edge with monomial x CLl and to expand all the boundary wavelets of a factor 2 J . Together with interior wavelets family \&j, they form an orthonormal basis of As announced, we now perform the second step of our construction by removing the function <^yv-i on the left edge and the corresponding ones, ^i,'i-iv> for the ri § ht ed § eThe last technical point is the modification one should make to the wavelet space. We have the following proposition: 
Then the new family ^E,O^I^E,I is an orthonormal basis ofWj([0,1]), the orthogonal complement ofVj([0, 1]) in Vj+i([0,1]). Moreover every scaling function ofVj([0,1]) and every wavelet ofWj([0,1]) satisfies the homogeneous boundary conditions
Proof: We prove only the result for the left edge. 
Let us first recall that <PJN-I an( l V>j JV-I are respectively two basis functions of V;-([0,1]) and W 3 ([0,1]), and that ^-([0,1]) -L Wj([0,l]). 0? is then orthogonal to all the other basis functions of Vj([0,1]) and Wj ([0,1]).
= dimV j+ i([0,1]) -dimVj([0,1]), it is by definition Wj([0,1]) the orthonormal complement of Vj([0,1]) in Vj+i([0,1]).
Remarks:
All these edge functions have the same regularity as the initial scaling function </>. . Hence only one vanishing moment for one wavelet at each boundary has been lost. As in the initial construction, the modified scaling and detail relations insure that fast algorithms related to the different basis projections are available.
At this point however, we don't know exactly what kind of space the multi resolution family Vj([0,1]) approximate. This is the purpose of the next subsection.
II.2 Approximation results
We now check the intuitive result that the wavelet basis derived from the last construction is an orthonormal basis for suitable homogeneous spaces 
Remarks:
The proof for Neumann homogeneous conditions is similar and involves the i? 2 -norm. More regularity is therefore needed for the basis functions and a double integration by parts to the inequality corresponding to (26). In that case, the approximated space is the strict subspace of i? The following section is related to the numerical estimates related to our construction and to various topics connected to its application for partial differential equation problems.
Ill NUMERICAL ESTIMATES
This section is devoted to the numerical estimates related to our construction for two cases of homogeneous boundary conditions, i.e, the Dirichlet conditions and the Neumann conditions. All the following computations have been carried out beginning with the initial compactly supported function <f > closest to linear phase constructed by I. Daubechies [6] with N = 4. Since no explicit analytic expressions exist, this function is defined through the filter coefficients h n used in the scaling equation (2) . These coefficients are provided in [6] : /i_ 3 = -.07576571478950, Ä_ 2 = -.2963552764600, A_i = .4976186676328 ho = .8037387518051, h = .29785779560531, h 2 = -.0992195435766 h 3 = -.01260396726203, h = .03222310060405.
The corresponding interior wavelet i[> is defined using the coefficients g n of the details equation (4) with g n = (-l)"/i 2 Ar+i-n-
III.l Dirichlet Boundary conditions
The application of the last section algorithm with CL0 = CL1 = 0 (Dirichlet condition) leads to a multi resolution analysis of HQ([0, 1]). Three scaling functions and four wavelets have to be added at each boundary (see section II). These scaling functions are solutions of a modified scaling equation (17) and are therefore characterized by the coefficients H^n and H\ n . The corresponding numerical estimates (computed on a 16 decimal digits computer with an error smaller than 10 -11 ) are listed in Table 1 . The coefficients (?°n and G\ n which occur in the modified detail equation (21) are listed in Table 2 and define completely the edges wavelets. All the following figures are obtained using the cascade algorithm [6] . The three x = 0 edge scaling functions, as well as the three x -1 edge scaling functions, are represented on Figure 2 at scale j = 0. The corresponding wavelets are plotted on Figure 3 . Notice that due to the lack of symmetry of the initial scaling functions and wavelets, the x = 1 edge functions can not be deduced from the x = 0 edge functions using a simple transformation.
Neumann Boundary conditions
The same numerical estimates corresponding to the Neumann conditions, i.e CL0=CL1=1, are listed in Tables 3 and 4 . The Figures 4 and 5 represent respectively the scaling functions and wavelets of this multi resolution analysis.
Remarks:
Some zero coefficients are provided in Tables 2, 3 and 4. They are expected as follows: for instance in Table 3 Table 3 . Others zeros are expected using the same arguments.
Quadrature formula
In order to use these wavelets basis for numerical purposes one question needs still to be answered. Given a function /, how can we define a projection Vj([0,1]), i.e, how can we estimate a set of coefficients Cj t k occuring in relation (12) and corresponding to /? The solution proposed here aims to compute an approximation of the orthogonal projection of / on Vj([0,1]) defining quadrature formula to estimate the coefficients CJ^ = J/^ofc-We define below a quadrature formula of order iV -1 in the same philosophy as G. Since the moments of order / of the interior function <j>, f x l (f>(x), can be estimated using the classical recurrence relation given in [8] , (30) Table 5 and 6 .
Using the values of these moments and the N given points a;, we find the weights u)^k for every edge scaling function solving the linear Vandermonde system (29).
Remark:
A quadrature formula of same order has to be used to estimate the interior scaling coefficients Cj^ = J f<t>j,k->N < k < 2 j ' -N -1 to preserve a constant order of accuracy all over the interval.
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IV CONCLUSION
Compactly supported wavelets satisfying homogeneous boundary conditions on [0,1] have been constructed. All the tools required for the use of these functions for numerical approximation of partial differential problems have been detailed.
Even if all this construction extends by tensor product arguments to higher dimensions, efficient handling of general open sets with boundary conditions is still an open problem.
LIST OF SYMBOLS USED
The MgX code of the mathematical symbols used is given to clarify their identity: Note: For the right edge (x = 1) the coefficients {H^ n } are related to the scaling function ip\ 2j _ 3 and are listed from right to left. The case n=3 corresponds to the scaling function we have removed and will therefore not appear. Table 4 : The left and right wavelet filter coefficients, G°k n and G\ n , for the construction with Neumann homogeneous boundary condi 1=0 -2.03632572831e+00 2.11233673136e-01 2.34792863276e-01 1=1 -5.17867977397e+00 -1.87776044074e+00 -4.21625644274e-13 1=2 -1.57657032623e+01 -1.04701396775e+01 1.27839462595e+00 1=3 -5.24899484894e+01 -4.53961860524e+01 1.15515969500e+01
Note: same remarks as Table 5 
